GROBNER-SHIRSHOV BASIS FOR THE BRAID GROUP IN 
THE ARTIN-GARSIDE GENERATORS 



L. A. BOKUT* 



Abstract. In this paper, we give a Grobner-Shirshov basis of the braid group 
-B„_|_i in the Artin-Garside generators. As results, we obtain a new algorithm 
for getting the Garside normal form, and a new proof that the braid semigroup 
B+n + 1 is the subsemigroup in _B,i_|_i. 



1. Introduction and the main theorem 

Markov [7J and Artin T] independently found a normal form for words in the 
braid group 

Bn+i = gp{ai, . . . anlai+iQiQi+i = 0^0^+10^, I < i < n, atag = asflfc, k - s > 1). 

It was proved in 4J that the Markov- Artin normal form leads to a Grobner- 
Shirshov basis of Bn+i in the Artin-Burau generators with the so-called inverse 
tower order of words in the generators. Recall that the Artin-Burau generators are 
the elements 

fli, Aij — flj-i • . . fli+ia^flj^^ . . . cijli, 
where l<i<j<n + l. 

In the paper a Grobner-Shirshov basis of the semigroup of positive braids 
B^^-^ in the Artin generators was found. 

In this paper, we find a Grobner-Shirshov basis of the braid group -B„+i in the 
Artin-Garside generators a^, 1 < i < n, A, A^^ iM)- Here we have 

A = A1A2 . . . A„, with Ai = fli . . . fli. 
Let us order these generators 



A ^ < A < ai < . . . a„. 

We order words in this alphabet in the deg-lex way comparing two words first 
by theirs degrees (lengths) and then lexicographically when the degrees are equal. 

By V{j, i), W{j, i), . . . , where j < i, we understand positive words in the letters 
flj, flj+i, . . . , Oi. Also V{i + — 1, W{i + ~ 1, . . . . 

Given V = V{l,i), let V^''\l < fc < n - i be the result of shifting in V all 
indices of all letters by fc, ai flfc+i, . . . flfc+i, and we also use the notation 
V^^^) = V'. We write also aij — UiQi-i . . .aj,j < i ~ I, an — ai^au+i = 1. 
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Theorem 1.1. A Grobner-Shirshov basis of Bn+i in the Artin-Garside generators 
consists of the following relations : 

(1.1) a,+ia,V{l,i - l)W{j,i)ai+ij = a,a,+ia,V{l,i ~ l)ay i)', 

(1.2) asUk = akas,s - k > 2, 

(1.3) 01^10201^2 . . . K-ia„ . . . oi = AV^-'W^'^^ . . . V,[_^, 

(1.4) aiA = Aan-i+i,l <l <n, 

(1.5) aiA-^ ^ A-^an-i+i,l<l<n, 

(1.6) AA-i = l,A-iA 1, 

where l<i<n — 1, l<j<i + l^W begins with Oi if it is not empty, and 
V,^V,il,t). 

Recall that a subset S of the free algebra k{X) over a field A: on X is called 
a Grobner-Shirshov set (basis) if every composition of elements of S is trivial. 
This definition goes back to Shirshov's 1962 paper [8]. We recall the definition of 
triviality of a composition in the below. 

Let us define 

a["^ = a, . . . 02, i > 2, A^"^ = 1, = Ai . . . A„_,Aj;:_\+iA„_i+2 . . . A„, 1 < i < n. 

Then EiGi = A, and so o^^ = A^^E'^. It follows that we do not need the letters 
and the relations aia^^ — 1, a^^Oi = 1 in the above presentation of the group 

Bn+l- 

We will write 

A|"") = o,...03,i>3, A^^-'^l. 

2. Proof of the Theorem 
Formulas (fTTT jl -fLi l) are valid in for 

W{j, i)oi+ij = ai+ijW\ Vi-iK^ = A,y/„;^, OiAi-iAi = Ai^iAiOi, 

oiAi+i . . . A„ = Ai+i ... A 
Formula ()1.6p follows from (II. 4p . 

Here and after notations are the same as in Theorem 1.1. 

We need to prove that all compositions of relations p.ip - p.6p are trivial. The 
triviality of compositions of (|l.ip . (|1.2p was proved in [5]. 

By "a word" we will mean a positive word in Oi, A; u = u is either the equality in 
B^j^i or the letter-by-letter equality (the meaning would be clear from the context). 

We use the following notation for words u, v: 

u = v, 

if u can be transformed to v by the eliminations of leading words of relations (jl.ip - 
(|1.4p . i.e., by the eliminations of left parts of these relations. Actually, we will use 
an expansion of this notation meaning that u = t; if 

M I— > Ul 1-^ U2 I— !■ . . . 1— > Uj. = t;, 

where Ui < u for all i and each transformation is an application of (|l.ip -- (|1.4p (so, 
in general, only the first transformation u ^ ui is the elimination of the leading 
word of (Oll-m. 
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An other expansion of that formula is 

u = v{mod w) 

meaning that u can be transformed to v as before and all Ui < w,u < w. 

By abuse of notations, we take that in a word equivalence chain starting with a 
word u, 

u = V = w = t . . . 

each equivalence v = w, w = t, . . . is mod u. 

This agrees with the definition of triviality of a composition (see [2], [2])- Namely, 
a composition {f,g)w is called trivial mod{S,w), if 

where Si € S, Qi, bi G X*, ai G k. Here k{X) is a free associative algebra over a field 
fc on a set X, S C k{X), X* is the set of all words in X, s is the leading monomial 
of a polynomial s. Recall that 

if, 9)w = fb - ag,w =Jb = ag, deg{f) + deg{g) > deg{w), 

or 

(/, 9)w ^ f - agb, w ^ agb. 

Here w is called the ambiguity of the composition (/, g)w, a,b G X* . 

Let S be the set of polynomial corresponding to semigroup relations Ui = Vi,Ui > 
Vi, {f,g)w = u — V is a composition, u,v G X*,u^v < w. The triviality of {f,g)w 
mod{S, w) means that in the previous sense 

u = t{mod w),v = t{inod w) 

for some word t. 

Take V = V{j, < j < i . By V^^''\ where 1 < fc < j — 1, we mean the result 
of shifting in V the indices of all letters by — fc, aj '—^ aj-k, . . . , i— > ai_fc. 

Take A, Ai . . . A,, V" = V{l,i),V^t' = AfWAfK Then V^t' is equal in 
-6,1+1 to the word that is the result of substitutions aj a,;_j+i, 1 < j < i in V^. 
By abuse of notation, we will identify V^^ with this word. 

We need the formulas: 



(2.1 

(2.2 

(2.3 
(2.4 

(2.5 
(2.6 
(2.7 
(2.8 
(2.9 



aiAi^iA^^^ = A,;_iAi, GiAi^iAi ee Ai_iAiai, 

a,A,_iA(— ) = A,tiA„ 

QiAi-iVi-iAi = Ai^iAiaiV-_i, 

a^AiVi . . . A,_i-l/,_iA, EE A,aiVl'~'^ . . . VU. 

a,Vil, I - l)Ait/i . . . A,_iT/,_iA, = A^a^V^^vl'^^^ . . . VU, 

a, 1/(1, 1 - 2)A,_iM/(2, 1 - 1)A|") = A,^iA,V^''^W' , 

W'{l,i - 1)A^"^ . . . A^r^ = a['^ . . . aI'^w^\w ^ Wil, i ~ 1), 

W{l,i- 2)'^'-'A, = A.W'^^W ^ W{l,i- 2), 



(2.10) 
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where i > 2, V, = Vj (1, j), 1 < j < i. 
Formula ()2.ip is clear. 

Formula (|2.2p can be proved by induction on i > 2. For i = 2, it is clear. Let 
i > 2. Then 

aiAi_iA|"^ = aiai_iAi_2ai^\z\ = ai_iaia,_iAi_2A|zJ = ai_iajAj_2A.,_i = Aj_iAj. 

Formula (|2.3|) can also be proved by induction on i > 2. For i = 2, it is clear. 
Let « > 2. Then 

ajAi_iA| ' = aiai_iAi_2ajA|lj"^ = aj_iajaj_iAi_2A[rj"-' = ai-iaiA[zlAi-i = A^iJAj. 

Formula (|^ follows from (fTTTI) and (P7T|) . 

Formula (|2.5[) is clear for z = 2; for i > 2, it follows from (jl.ip and (12. 2p : 

a.iAiVi . . . Aj^iVi^iAj = AiVi . . . Ai_2^^i-2aiai-iAi_2V^i-iAi = 

AiVi . . ■ Ai-2Vi-2ai-iaiai-iAi-2Ai-iVl_i = AiVi . . . Aj_2^i-2aj-iaiAi_2Ai_iaiy/_j = 
AiVi . . . A,_2^^^-2A,_iA,aiy/_i = A,ail//'~'^ . . . V^. 

Remark, that the last word is less then the first word in the above chain of 
equivalence formulas, though it can be greater then the word just before the last. 

Formula (|2.6p can be proved by induction on i > 2. It is clear for i = 2. Take 
i > 2. Then formula (|2.6p follows from p.Sp by induction on the number k of letters 
ai-i in V{1, i — 1). If fc = 0, the result is clear. Take fc > 1 and 

Vil,i- 1) = Wil,i- l)a,_ir(l,i - 2). 

Then 

a,_ir(l, i - 2)AiVi . . . A,_2F,_2A,_i = A.^iaiT^-w}'-^^ . . . VU- 

It follows that 

a, 1^(1, i - l)a.-ir(l, i - 2)AiVi . . . A,_iF,_iA, = 

a, 1^(1, i ~ l)A,_iair^-iT//^-') . . . VUVr-iA, = 

a^W{l,i- l)A,a2T'^'Vl"~^'> . . . = A^aiW'^'a2T'^^vl"^^^ . . . V,'^^. 

Remark again that here the second and third words above are less then the first 
one for i — 1 > 2. 

Formula (|2.10p can be proved by induction on n. Indeed: 

On • Cln-lCln • ■ ■ 02 . . . a„ • Oi . . . a„ = 02 ■ 0302 • ■ • a„ . . . 02 • fli . . . a„ = 

0-2 ■ 03^2 • • ■ Ori-i . . . 02 • fli . . . a„_i • a„a„_i . . . ai = ■ ■ ■ = 

0-2 • 0302 • 010203 • 04 . . . oi • • • a„ . . . oi = 02 • ai02 • 030201 • • • a„ . . . oi = A. 

Now let us check the composition of (|l.ip . i + 1 = n, and (|1.3p . Without loss of 
generality we may assume that j = 1. 
The ambiguity is 

w = o„o„_iy(l, n - 2)W{l,n - 1)AiT/l . . . A„_iKi_io„i. 

Applying (jl.3p to w, we obtain 

wi = o„o„_i^(l, n - 2)M^(1, n - l)Ay/"~') . . . l/^_i. 
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Applying (11.11) to w, we obtain 

W2 = a„_ia„a„_iy(l, n - 2)A„_iiy'A;i// . . . K_,V;^,. 
Applying pTTj) and ((27T|) - p.lOp to wi,W2, we obtain 
wi = Aa,a2V^W^vl''-^^ . . . K-i, 

W2 = a„-ia„a„_iF(l, n - 2)A„_iM^'A^~ V/ . . . tS~\yL2^VK-i = 
a„_ia„a„_iT/(l, n - 2)A„_i1¥'A(~^ . . . A^- V^*""'' . . . V^^^od w) = 
a„_ia„a„_iF(l,n - 2)A„_iA(-) . . . K^-\kI^W^V^'^-^^ . . .V:^_^{mod w) = 
a„_ia„a„_iT/(l, n - 2)AiA2 . . . A„_2A„_iA(,-)W^^T//""'^ . . . w) = 

a„_ia„a„_iAiA2 . . . A„_2A„_iA(- V'^VP^'^f/""'^ . . . V',^^{mod w) = 
a„_ia„Ai . . . A„_2A„_iA(,— )aia2V^^W^^T^/""'^ • • • K-iCmod w) = 
a„_iAi . . . A„_2Ail\A„aia2^^VK'^V^/""'' ■ • • ee 
Aaia2V'^W'^vl''~^^ . . . V;,_^{jnod w). 

The composition is checked. 

There is the composition of (|l.ip . i + 1 < n and p.3p . Again, we may assume 
that j = I ■ 

The ambiguity is 

u; = a,+ia^V{l, i - 1)W{1, i)AiVi . . . A.+i^i+i . . . K-iA„. 
Applying (|1.3p to w, we obtain 

u;i = a,+ia,l^(l, z - 1)VK(1, i)Avl"-'^ . . . V^,,^ = 

Applying (|l.ip to we have 

W2 = a,a,+ia,T/(l, i - 1)A,VF(1, z)'A;y/ . . . A'^^,%+i . . . Vn-iAn = 
Ai . ..A,+iaia2V^^+'W^'+'Vl'^ . . . V^V^+iA,+2 . . . K.-iA„(mod w) = 
Aa,,^,an-^+iV^W^vl"-''> . . . y/-^^ . . . 

Here we use the calculation of 11:2 from the previous composition, substituting 
n I— > i + 1. 

The second composition is checked. 

There is the composition of (|1.3p and (|l.ip . 

The ambiguity is 

w = AiVi . . . T4-iam+2aj+iaj • ■ ■ aiV{l, i - l)W{j, i)a^+ij. 

Applying p.3p to w, we obtain 
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Applying (II. ip to w, we have 

W2 = AiVi . . . Vn^iani+2aiai+iai . . .aiV{l,i - l)aijW' = 

AiVi . . . Vn-iaiani+2ai+iai ■ ■ ■ aiVai^W' = AV^/"""^^ . . . V^_^ai+iVaijW' = 

AVI"-'^ . . . V;,_^Va,+ijW' = Ay/"-^^ . . . v;^_^VWa,+ij. 

There is the composition of and (|1.4|) . 
The ambiguity is 

w = ai+iaiV{l,i ~ l)W{j,i)ai+ij+iajA. 
Applying (|1.4p to w, we obtain 
wi = a^+ia^VWat+ij+iAan-j+i = Aa„_ja„_i+iF^W^a„_ia„_j+i . . . an-j+i = 

Aan-ian-i+lV^an^ian-i+l ■ ■ ■ an~j+lW^^ = 
Aan-ian^i+ian-iV^an-i+l ■ ■ ■ ^\ 

Applying (jl.ip to w, we obtain 
W2 = aiGi+iaiVaijW'A = Aa„_i+ia„_ia„_i+il^^a„_i+i . . .a„-j+iW'^ = 

Aan-ian-i+lUn^iV^ an-i+l . ■ ■ a-n-j + lW'^ . 

The composition is checked for — W'^ . 

The triviality of the composition of with (II. 5|) is proved similarly. 
There is the composition of ()1.3p and ()1.4p . 
The ambiguity is 

w = AiV"i . . . K-iftn • • ■ a2aiA. 
Applying (|1.3p to we have 

ata("~1) ta' a — a2t/("^1)'^ t/'A 

wi = AT^i' V..y„„iA = A •■■K-i- 
Applying (11.41) to u;, we obtain 
W2 = AiFi . . . K-ifln ■ • ■ 02 Aa„ EE AAf . . . Vn-iax ■ ■ ■ flri-ian = 

A T/A T^A _ A T/A(-(n-l)) -j^A(-l) 

= aV/"-')^ . . . 

for 1//^'^"^ = v/^'^~^\2 <i+j <n. 
The composition is checked. 

The triviality of composition of (|1.3p and (jl.Sp is proved similarly. 

3. Corollaries 

Let 5 C k{X). A word u is called S'-irreducible if u 7^ asb, where s £ 5, a, 5 £ X* . 
Let Irr{S) be the set of all S'-irreducible words. 

Recall Shirshov's Composition lemma ([8], [2], [3]) : 

Lei S be a Grobner-Shirshov set in k{X). If f G ideal{S), then f = asb,s G 5*. 

The converse is also true. 

The Main corollary to this lemma is the following statement: 

Subset S C k{X) is a Grobner-Shirshov set iff the set Irr(S) is a linear basis 

for the algebra k{X) /ideal{S) = k{X\S) generated by X with defining relations S. 
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Let G — sgp{X\S) be the semigroup generated by X with defining relations S. 
Then S is called a Grobner-Shirshov basis of G if is a Grobncr-Shirshov basis of 
the semigroup algebra fc(G'), i.e., S* is a Grobner-Shirshov set in k{X). It follows 
from the Main corollary to the Composition lemma that in this case any word u in 
X is equal in G to a unique 5*- irreducible word G(u), called the normal (canonical) 
form of u. 

Now let S be the set of relations (|l.ip - (|1.6p . and let C{u) be a normal form of a 
word u G -0,1+1. Then C{u) has a form 

G(w) = A^^A, 

where k and A a positive iS-irreducible word in a^'s. Let us prove that A ^ A^i 
for every positive word A\. 

Let us switch to the semigroup 5,1+1- Note that we have no generator A in 
The set ^i of (frT|l - pr2|) is a Grobner-Shirshov basis of 5+^^ Then A is an 
5i-irreducible word. 

Suppose that 

A = AAi, 

where A\ is a positive word. We may assume that A\ is an 5*1 -irreducible word 
too. Then 

A = a\- 0201 • • ■ a„ . . . a\A\ 

in the semigroup i?,|+i. Let us prove that 

A = G(ai • 0201 • • ■ a„ . . . oiAi) = AiVi . . . A„_iT4_iA„T/, 

where here = is the graphical equality, Vi = ^(1,*), 1 < i < n — 1, and G(-D) is a 
normal form of D in -B^^j^. It would contradict the S'-irreducibility of A. 
More generally, let us prove that 

G(AiM^i . . . A„_i W„_iA„VK„) = AiV^i . . . A„_iK-iA„I4, 

where W, = Wi(l, z), K: = 14(1, «), 1 < « < r^- If 

B = AiI¥i...A„_iW„_iA„W„ 

is a canonical word, than we are at home. Suppose, B contains the left part of a 
relation (ll.ip - (ll.2p . If this word is a subword of Wi, 1 < i < n, then the situation is 
clear: we can apply the relation to get a smaller word of the same form, and then 
we can use induction. Let the word be a subword of A/jVF/j, 1 < A; < n, but not W}^. 
It may only be the left part of fc > i -t- 1. Then we have 

AfcVFfc = aA;i+2ai+iaiai_i . . . aiV^(l, i - \)W{j, i)ai+ijTk = 
aki+2aiai+iaiai^i . . . aiV{l, i - l)aijW'Tk = QiAkWki, 

where Tk = Tk{l,k),Wki — Wki{l,k). Substituting this quantity of AkWk in B, 
we obtain a positive word D which is smaller then B and has the same form. By 
induction, we are at home. 

As a result, we have the following 

Corollary 3.1. The S -irreducible normal form of each word of i?„+i coincides 
with the Garside normal form of the word. 
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Proof. Recall ([6]) that Garside normal form G{u) of u G Bn+i is 

G{u) = A'' A, 

where u — G{u) in fc e Z, and A is a positive word in a^, A ^ AAi for 

every positive word Ai, and A is the minimal word with these properties. We have 
proved that the S'-irreducible normal form C{u) has this properties. □ 

Corollary 3.2. [6] ^ The semigroup of positive braids B^^^ can be embedded into 
a group. 

Proof. It follows immediately from Theorem 1.1 that B^_^^ C Bn+i. □ 
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